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The Tabulation of Symmetric Functions. 

By W. P. Durfee, Fellow of Johns Hopkins University. 



M. Faa de Bruno gives, in his ThSorie des Formes Binaires, tables of the 
values of symmetric functions, which are symmetrically arranged and at the 
same time confined to a half square. In these tables the functions of the self- 
conjugate partitions are placed in the middle. The remainder of the functions 
are separated into pairs, a pair consisting of a function and the function of its 
conjugate partition, and the members of each pair are disposed symmetrically 
about the middle. How he obtains a suitable arrangement of these pairs he 
does not say. My object is to show that such an arrangement is always possible, 
and at the same time to indicate how it can be obtained. 

I shall first show that such an arrangement is possible in the tables giving 
the values of the combinations of the simple symmetric functions in terms of 
the general symmetric functions. 

Let a x , a 2 , etc. denote the partitions of any number arranged in natural or 
dictionary order; P lt P % , etc. the combinations, and 4> x , <p 2 , etc. the symmetric 
functions corresponding to these partitions. I shall represent the conjugate of 
the partition a x by a y , and the coefficient of ^ in the value of P K by (3^) . 

Professor Cayley has shown {Phil. Trans. 1857) that (3/0 = 0, if a M is prior 
to <v, the conjugate of a K . We have then 

(3/0 = ft<X. (1) 

M. Betti proved (Tortolini, 1858) 

(V) = W 
therefore (3*0=0 3<^'. (2) 

If a k is a self-conjugate partition, 3 = 3/ and" 

if in addition a M is a self-conjugate partition 

M = o %il (4) 
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If instead of arranging the partitions in the natural order we had arranged 
them as follows: a b lt b 2 , b 3 . . . c lt c 2 , c 3 . . . where a is the partition of one 
part, those in the group b the partitions of two parts in dictionary order, etc., the 
same conditions would obtain, and it is upon this latter arrangement that the 
accompanying table is based. 

Let us now separate the partitions, which are, say, n — 1 in number, into 
pairs consisting of a partition and its conjugate. Designate the prior partition 
of a pair by b v and the other by b n _ v . Call the unpaired (self-conjugate) 
partitions c x , c % . . . c k . 

If now we arrange the partitions b v in the order in which they occur in the 
first arrangement, and place after them the c 1 , c 2 . . . c k , I say the order so 
obtained will give the desired form to the table. 

We have by eq. (2) 

(v.n — 7i) = 7t^>^, 
since the conjugate of b n _„, i. e. b„ is subsequent in natural order to b„. The 
order of the c's is arbitrary, since by (4) the P of a self-conjugate partition 
can contain the q> of no other self-conjugate partition. If then we arrange 
the <p functions across the top of our table in the order last named, and the P 
functions down the side in the same order, there can be no coefficients above the 
sinister diagonal except in the case of the self-conjugates. The coefficients on 
the sinister diagonal will be units since (Oayley, I. c.) (v.n — v) = 1. The self- 
conjugates will, for the same reason, have unit coefficients- on the principal 
diagonal, and these unit coefficients will be symmetrically placed with reference 
to the sinister diagonal. Since -(h[i) = (fiX), the coefficients similarly placed 
with reference to the principal diagonal will be equal, i. e. the table will be 
symmetrical. 

It is evident that the table of the values of the 4>'s in terms of the P's will 
be similar in form except that the coefficients will occupy the part above the 
sinister diagonal. This diagonal will consist of units as before, and if we agree 
to consider these units as belonging to both tables we may write both tables in 
the same square. 

The accompanying tables of the twelfthic were published in a different form 
in a former number of this Journal, but it is thought that the new arrangement 
is of enough interest to warrant reprinting. These tables have also been 
calculated by M. Rehorovsky, and appeared in the Transactions of the Royal 
Academy of Vienna. 



